
 

So far we have come across several
classes of continuous functions
i constant functions Let ee IR then

f IR R X fed _c
ii identity map

idk IR IR xi x

iii polynomials Let ao a ian ER then

p IR IR pH aux't taxtao
iv rational functions Yet

P x an X t ta xiao QQ burnt b xt b
Then
R D R xi RCx1 P is continuous

on D x C IRI to
Now let's see how to define Fx Exp and Log
Corollary 4.2
Let I CIR be an interval include cases

a t as C os b C es as and let

f I IR be a continuous function Then

f I CR is also an interval

Proofi
We set B supfCI c Rules A inffE cRuf es

and show that CAB cfCI Let yeR be an



arbitrary number with A e y e B

According to definition of A and D there
exist numbers a b e I s t

fCalc y fcb
Corollary 4 I F x c I with fG y
therefore ye f CI Thus AB CfCIT
FCI is of the form

AB CA B A B or Ai B
a

Definition 4.7 i

f 1a b R is called strictly monotonically

increasing if the following holds

a c x ay e b fed a fly
Proposition 4.6

Let DCIR be an interval and f D R

be a continuous and strictly monotonically
increasing Car decreasing function Then

for D fCD f D D is bijective
and the inverse function f D R is

also continuous and strictly monotonically
increasing or decreasing



Proofi
Corollary 4.2 shows that D fCD is

again an interval f is injective by
Definition 4.7 and surjective by Prop 4.5

f is bijective and f is strictly
monotonically increasing decreasing

Need to show continuity
Let be D be given and a f b

Suppose b is not a boundary point of D
a is not a boundary point of D

Without loss of generality La e a e3cD
Set b i fca c and bz flats

b e b e be and f a e ate bi be

bijective
Yet 8 min b b b b Then

f b S bi S Cca e ate

f is continuous in b G s criterion

Proceed analogously for beD boundary point
a f b is the boundary point of D a



Example 4.8

Let f oil U 12,3 IR be given as follows

fG
O exc l

X l 2 E X E 3

f is continuous and monotonically increasing
fat f i fo 2 R is discontinuous at y l

So the requirement that the domain of
definition is an interval is essential

Example 4.9

i Let me IN The power function Raxi xheR
is continuous according to Prop 4.4 and
is monotonically increasing on Rico as

Prop 4.6 then implies that the nth

root function
Rt 3 y My C Rt

is continuous

ii consider the function Exp R R

given by



ExpG ie Iho II
This series converges due

to the

quotient criterion of Prop 3.10 namely
we have for a xf to

19TH 1 o Ck as

This convergent series defines the

Exponential function

It has the following property

F xp Exp y Feoff
e
Yet

E.e.ox.it EdeEIIhetiI i i
Substitute for fixed k the index l by the
summation variable nie Kee that is
substitute l by n k We obtain

Ed E Y.FI il E.E.Hx



Exchange of summation order finally gives
n

Eont 017.1xkyn
iJ n.ECnqI

Cxty

Exp x Exp y ExpCxty
This is called the addition theorem

Claim
ExpTO Exp is continuous and monotonically

increasing with Exp R Colas

Proofi
The addition theorem gives

t xe R ExpG Expff Z O

and due to

Exp Expf x l ExpG to

we have ExpG so t x ER

Further we have for 14 I

I Explhl Il I E Y I a 214



4 0 h o

so far x xoth Xo we get
F xp x ExpG
Exp Expch l 0

and the function Exp is continuous
As

E xp h I Y o for h 0

gives the desired monotony
F xp Xo Exp x for Xocx xotL

Finally we apparently have

Explx as Cx as

together with Expf x I
Expex

we get
F xp f 0 Cx a

According to Prop 4.6 the function
Exp IR Co as then has a continuous

inverse function
Log Exple co as R



Due to
F xp Loge Logyl ExpkogGI Expfoglyl

x y
we get the Addition theorem

A x y so Log Xy LogG Log y


